Cho and Kim 1) proposed a simple model for predicting the amount of mix steel generated during ladle changes involving different steel grades in the same tundish. The authors solved the equations of the model numerically and validated their model for two different tundishes. This model has the advantage of having only one parameter, which should be calibrated for each tundish. In the present work, general analytical solutions were deduced for the Cho and Kim model. The solutions obtained are dependent on a single variable. This variable allows easy identification of the optimum operating parameters for the ladle change as it is illustrated by an application example. This work also investigated the meaning of the parameter of the Cho and Kim model in terms of chemical reactor theory.
Introduction
In order to meet the production mix without interrupting the continuous casting process, several steel plants perform ladle changes involving different steel grades using the same tundish. As a result, some steel of mixed composition is cast. Since this "mix steel" is disqualified or scrapped, it is important to estimate its amount for both process control and cost calculation.
To this end, Cho and Kim 1) proposed a simple tundish mixing model. The authors 1) validated their model for two different tundishes. This model has the advantage of having only one parameter, which should be calibrated for each tundish. As a comparison, the model proposed by Huang and Thomas 2) has six parameters. Equations of both models were solved numerically.
In the present work, general analytical solutions were deduced for the Cho and Kim model. 1) The solutions obtained are dependent on a single variable. This variable allows easy identification of the optimum operating parameters for the ladle change as it is illustrated by an application example. This work also investigated the meaning of the parameter of the Cho and Kim model 1) in terms of chemical reactor theory.
Model Description
In general, the mass balance equation of liquid steel within a tundish is: Where Γ out j is the mass flow rate of liquid steel through the j strand of the tundish (kg/s) and n is the total number of strands of the tundish.
In Where f is a model parameter (f > 0) that should be adjusted for each tundish. It is noteworthy that the tundish behaves like an unsteady CSTR 3) (continuous-stirred tank reactor) when f = 1.
A general analytical solution for the system formed by Eqs. (1), (3) and (4) can be obtained using the method employed by Zenger and Niemi 4) for treating the perfect mixer model (CSTR). Nonetheless, some caution is necessary in order to avoid the prediction of negative outlet concentrations by Eq. (3) when f > 1. Hence, the cases 0 < f ≤ 1 and f > 1 were considered separately.
Analytical Solution for 0 < f ≤ 1
The combination of Eqs. The dimensionless variable z is defined as: Where t 0 is the time instant when a new ladle is opened (s) and t′ is a variable of integration (s). Hereinafter, it will be assumed that t 0 = 0s.
By means of the variable z, Eq. (5) During a ladle transition, w in is constant. So, the following solution can be readily obtained: Therefore, the dimensionless concentration, F, predicted by the model is: 
Approximated Analytical Solution for f > 1
When f > 1, Eq. (10) is clearly invalid, since it predicts F < 0 at z = 0. However, one could propose the following approximated solution for this condition: In order to evaluate the adequacy of this approximation, the mean residence time of the tundish operating at steady state, t ap (s), was calculated using the approximated solution:
The relative error of the mean residence time is:
Where t is the mean residence time calculated using the exact solution (s), which assumes the theoretical value M td /Γ in .
5)
The relative error is lower than 1% when f ≤ 1.160 and it is lower than 5% when f ≤ 1.426. These results may be taken as validity ranges for the approximated solution. Hence, the approximate solution is valid for the tundishes studied by Cho and Kim.
1)

Exact Analytical Solution for f > 1
When f > 1, two steps of different tundish behaviors should be considered. These steps are separated by the transition time, t trn (s).
During the first step, 0 ≤ t ≤ t trn , steel with initial solute mass fraction w 0 leaves the tundish while new steel with solute mass fraction w in enters in the equipment. So, during the first step, w out = w 0 and F = 0. The mass balance equations of steel and solute for this step, Eqs. (1) and (3), lead to: 
Interpretation of the Model Parameter
The functional form of the analytical solutions deduced, Eqs. (10) and (23), suggests that the Cho and Kim model 1) is related to compartment models used in chemical reaction engineering. 5) This issue, which clarifies the meaning of the model parameter (f), is examined in this section. It is considered a simplified (hypothetical) condition in which the tundish operates with constant volume and flow rate during ladle transition.
Interpretation when f ≤ 1
In the condition considered, the dimensionless variable z is: Where Q a /Q is the fraction of the total flow rate that passes through the active region (well-mixed volume) of the tundish and Q b /Q is the fraction of the total flow rate that passes through the bypass. Therefore, (1 -f) is the fraction of bypass flow when f ≤ 1.
Interpretation when f > 1
For the simplified case, the transition time, t trn , is: Thus, the analytical solution for f > 1 becomes:
Equation (28) is equivalent to the accumulative RTD of a system that consists of a well-mixed volume in series with a plug flow volume, 5) provided that: 
Consequences for Tundish Optimization
In order to reduce losses due to mix steel, one usually designs flow modifiers for the tundish that eliminate any bypass flow and increase the plug flow volume fraction. Indeed, no mix steel would be generated by an ideal tundish that does not have any bypass flow and behaves fully as a plug flow.
Based on the analyses performed in sections 3.1 and 3.2, these goals can be simultaneous satisfied by means of the maximalization of the parameter f. Therefore, this should be set as the objective of the tundish optimization process if one wish to minimize the amount of mix steel formed during ladle changes.
Application of the Analytical Solutions for Optimization of the Ladle Transition Practice
The analytical solutions obtained in section 2 indicated that the steel mix that occurs in the tundish during ladle change is a function of a unique dimensionless variable, z. This property enables one to easily identify the optimum transition practice that minimizes the amount of mix steel.
In this section, this issue is exemplified for a simple transition procedure, 6) which is described below. At steady-state, a tundish operates with an internal steel mass M td = M td,ss (kg) and a constant inlet flow rate, Γ in (kg/s), that is equal to the outlet flow rate, Γ out (kg/s).
During the ladle change, the outlet flow rate is maintained constant and equal to the steady-state value. On the other hand, the inlet flow rate varies in three stages. In the first stage, which starts after the old ladle is closed, the inlet flow rate is null. This condition continues until the steel mass within the tundish is reduced to a fraction α of the steadystate value (0 < α < 1), M td = αM td,ss .
The second stage starts when a new ladle is opened. In this stage, the tundish is refilled using an inlet flow rate Γ in = R Γ Γ out , where R Γ is a positive constant (R Γ > 1). Finally, the third stage starts when the steel mass within the tundish returns to the steady-state value, M td = M td,ss . In this stage, the inlet flow rate is reduced to the steady-state value, Γ in = Γ out . Table 1 . (Online version in color.) 
